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Abstract 

A pseudoclassical model is proposed for the description of planar P, T— invariant massive 
fermions. The quantization of the model leads to the (2+l)-dimensional P, T— invariant 
fermion model used recently in P, T— conserving theories of high-Tc superconductors. The 
rich symmetry of the quantum model is elucidated through the analysis of the canonical 
structure of its pseudoclassical counterpart. We show that both the quantum P, T— invariant 
planar massive fermion model and the proposed pseudoclassical model — for a particular 
choice of the parameter appearing in the Lagrangian — have a U(l,l) dynamical symmetry 
as well as an A = 3 supersymmetry. The hidden supersymmetry leads to a non-standard 
superextension of the (2+l)-dimensional Poincare group. In the quantum theory the one 
particle states provide an irreducible representation of the extended supergroup labelled by 
the zero eigenvalue of the superspin. We discuss the gauge modification of the pseudoclassical 
model and compare our results with those obtained from the standard pseudoclassical model 
for massive planar fermions. 
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1 Introduction 



Planar gauge field theories have many interesting features Especially in their use for 
constructing models of high-Tc superconductors one is interested in having a P— and 
T— invariant system of topologically massive gauge fields and a P— and T— invariant system 
of massive Dirac spinor fields. For this purpose, one usually introduces doublets of these 
fields with mass terms having opposite sign [0, Q . In a recent paper the hidden dynamical 
symmetries of the simplest P— and T— invariant free fermion theory were investigated. The 
model @] is described by the Lagrangian 

C = ipuipi + m)^u + i'diPl - m)^d (1-1) 

and it is invariant under a global Uc(l) symmetry describing chiral rotations to which it is 
associated the conserved chiral current = \{'ipul^i'^u — '^dl^i'^d)- A very interesting feature 
of the model described by ( |1.1|) is the appearance of a hidden iV = 3 supersymmetry which 
yields a non-standard superextension of the Poincare group so that the one particle states 



associated to (|1.1| ) realize an irreducible representation of the Poincare supergroup, labelled 
by the zero eigenvalue of the superspin operator 0]. 

In a beautiful paper Gibbons, Rietijk and van Holten investigated space-time sym- 
metries in terms of the motion of pseudoclassical spinning point particles @, 0, |[. In their 
analysis they revealed the existence of a non-standard supersymmetry characterized by the 
fact that the Poisson brackets of the odd Grassmann generators yield an even integral of 
motion different from the Hamiltonian of the system. A non-standard supersymmetry of the 



same kind is useful to describe the hidden symmetries of a 3-dimensional monopole [jTO 



In this paper we shall show that the hidden iV = 3 supersymmetry of the P, T— invariant 
3D fermion model described by ( |1 . 1| ) may be understood in a natural way starting with the 



pseudoclassical model of a relativistic spinning particle proposed in ref. [|11 



The pseudoclassical model of ref. |11| is defined by the Lagrangian 



L = ^(x^ - ive^^^i^e? - \rr? - 2vmvQ^d- - ^^^m + 'ifoQa- (1.2) 



A complete description of the quantities appearing in ( |1.2|) is given in section 2. Here we 
only notice that the pseudoclassical model ( |1.2| ) depends on a parameter v. As we shall see, 
there is a special value of the parameter v [y = \) which leads to a maximal symmetry of 
the classical system. 

Since the pseudoclassical model ( |1.2| ) has an even nilpotent constraint, it is similar to the 
class of pseudoclassical models used in describing particles with spin s > 1 |T^. Its main 



difference with the standard pseudoclassical model (SPM) for the massive Dirac particle 
lies in the fact that the odd constraint of the latter model is replaced in ||Tl| by the 
even nilpotent constraint. We shall show that, although at the quantum level both models 



lead to the P, T— invariant planar model described by (|1 . 1|) , only the model of ref. ||TT 
reproduces classically the same symmetries of its quantum counterpart. For the 3D standard 
pseudoclassical model the situation is quite reminiscent of what occurs in systems with 
a quantum anomaly, since the classical symmetries are not preserved by the quantization 
procedure. Unlike the SPM 0, the model considered in this paper naturally yields a U(l) 
gauge theory with the gauge field coupled to the Uc(l) chiral current and it allows for a 
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nontrivial interplay between local and discrete symmetries on one hand, and ordinary and 
graded symmetries on the other hand. 

The paper is organized as follows. In order to have a self-contained presentation, we 



introduce in section 2 the pseudoclassical model of ref. |TT[. In this section we analyze its 
global, local and discrete symmetries within the framework of the Lagrangian formalism. 
Section 3 is devoted to the Hamiltonian description of the system. First we get the equa- 
tions of motion and find the integrals of motion which are the generators of the continuous 
symmetries described in section 2. Then, we notice that for a special value of the parameter 
of the pseudoclassical model (z/ = 1) the system has two additional (local in the evolution 
parameter) integrals of motion. We find that the integrals of motion of the system form 
a broader U(l,l) symmetry and a hidden = 3 supersymmetry, and present both sym- 
metries in a Poincare covariant form. Section 4 is devoted to gauging the U(l) symmetry 
corresponding at the quantum level to the chiral rotations. In section 5 we quantize the 
model. We show that z/ = 1 is also special from the point of view of the quantum theory: 
namely, we demonstrate that only for u = 1 the quantization procedure preserves the P— 
and T— symmetries of the classical model. For this value of the parameter u the U(l,l) 
symmetry and the = 3 supersymmetry are realized in the quantum theory and the = 3 
supersymmetry leads to the non-standard superextension of the Poincare group. Finally, we 
investigate the quantum theory of the model with chiral U(l) gauge symmetry. Section 6 is 
devoted to some concluding remarks. 

In Appendix A we evidence a hidden symmetry of the pseudoclassical model existing in 
the subspace of the Grassmann (pseudo) scalar variables. 

The analysis of the planar SPM [|^ and its dynamical symmetries is presented in Ap- 
pendix B. 

2 The model and its Lagrangian symmetries 
2.1 The model 



The planar model analyzed in ref. [TT|] is defined by the action 



A= Ldr + B, (2.1) 



where L = Lq + + Lq is the Lagrangian, 



Lo = ^i^f^- ^^^f^uxC^^Y - \rr? - IvmvM, (2.2) 

M = e+e- = -16162, (2.3) 

h = -^U^ Le = '-6A, (2.4) 



and B = + Be is the boundary term. 



= -lUrfm'^^), Be = '-6,{rf)6,{n). (2.5) 
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In ( |2.2| ) m is a mass parameter and z/ 7^ is a dimensionless parameter. We use the metric 
rj^i, = diag{—, +, +) and the totally antisymmetric tensor e^^x, e"^^ = 1- 

The configuration superspace of the model is described by the set of variables x^, 9"^, 
e and v. We denote with the space-time coordinates of the particle; together with the 
scalar Lagrange multipliers e and v they are real even variables. is a real odd (Grassmann) 
vector whereas and 6~ are mutually conjugate odd scalar variables related to the real 
variables 9a, a = 1,2, by the equation 

e^ = ±{e,±^e2). (2.6) 

We shall specify later the transformation properties of all the variables under P and T 
inversions. 

The form of the kinetic terms and Lg (as well as that of the boundary terms and 
Bg) manifests the fact that the scalar variables 6a, a = 1,2, are "timelike" in contrast to 
the one "spacelike" scalar variable used in the standard pseudoclassical formulation of the 
massive spin-1/2 particle (see Appendix B). 

The inclusion of the boundary terms in the action ( ^.11 ) is needed since the equations 
for the Grassmann variables are first order [|13[. As a result, the classical solutions to these 



equations extremize the action (|2.1| ) with the boundary conditions: 



SriAiTf) + SriAin) =0, riA = Oa- (2.7) 

The change of variables 6i, 62 ^ Oi, —62, and, correspondingly, 6^ ^6^, amounts only 
to changing Af —M in the action ( [2.11 ). Without loss of generality, one may then always 
choose 

1/ > 0, (2.8) 
since the model with z/ < is reproduced by the above change of the variables. 



2.2 Global symmetries 

The action (|2.1| ) is Poincare-invariant. In addition, it is invariant under the following global 
super-transformations: 

= e^, Sx, = 2ze^,Ae" ■ F v{T')e{r')dT' , (2.9) 

JTi 

where is a constant odd vector infinitesimal transformation parameter. Unlike the ordinary 
global super-transformations, the transformations ( |2.9| ) have a nonlocal character in the 
evolution parameter. As a consequence, 

{8162 - S2Si)x^, = -Aie^,yxe'ie2 ■ [ v{T')dT' ^ const. 

JTi 

Thus, the commutator of two global super-transformations ( ^.91 ) does not yield the space- 
time translations characterized by a constant nilpotent vector as it happens for the standard 
global super-transformation in systems with a supersymmetric spectrum. 
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The action is invariant under another set of global super-transformations 

6eXf, = ie^^, 6e^f, = te~^{x^ - ive^^x^"^^) (2.10) 

with a constant scalar odd parameter e. In the standard pseudoclassical model of a spin-1/2 
particle 0, there is local supersymmetry (with a local infinitesimal parameter e = e(r)) 
induced by transformations similar in form to eq. ( ^.lUI ). 
The action is also invariant under 

= ^ee^^A^e^ (2.11) 

with the odd scalar infinitesimal transformation parameter e. 

Furthermore, there is invariance under the global U(l) transformations 

5^6^ = ±i7^^ (2.12) 

(or corresponding S0(2) transformations in terms of the real variables 6a), and the global 
even transformations 

5^x^ = iue^^xC^^, S^^fM = 2uje~^e^^xi''^^, (2.13) 

characterized by the even scalar transformation parameters 7 and u), respectively. In Section 
3 we shall analyse these global symmetries within the Hamiltonian formalism. 

2.3 Local symmetries 

There are two local symmetries of the action. They are given by the transformation 

S^E=-^{aE), E = e,v, 
dr 

60.x = aX, X = x^,^^,ea, (2.14) 

which is the reparametrization transformation, and by the transformation 

6pe = 0, 6f3V = 13, 5f39^ = ±imf3e^, 
5^x^ = i(3e^uxC^\ = 2l3e-h^,xx''i\ (2.15) 

to which we shall refer to as the '/^-transformation'. In eqs. ( p.l4|) , ( |2.15|) a and (3 are 
the infinitesimal transformation parameters. Since we have 5aL = {d/dT){aL) and SpL = 
{d/ dT){il3e~^e^y\x^^''^^), the action ( pTII) is invariant under ( |2.14|) and ( p.l5|) if one requires 



in) = a{rf) = 0, (3{r,) = P{Tf) = 0. (2.16) 



air, 



Formally ( (3 7^ const), the /^-transformation is the linear combination of the transformations 
( p.l2| ) and (|2.13|) with m~^7 = u. The /^-transformation mixes the even coordinates x^ with 
the odd spin variables this transformation is characterized by an even parameter and, as 
we shall see in Section 3, it is generated by an even (nilpotent) constraint. As a consequence, 
one has S/s^^dp^ ~ ^P2^Pi — 0- 
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2.4 Discrete symmetries 

The action is invariant under the discrete P— and T— transformations: 

P: X^^ (Xo,-Xi,X2), T: X^^ {-X^^X^.X^), (2.17) 
where = x^, and 

P:,T: {e,v)^{e,-v), (2.18) 

P,ea^{e^, -9^). T:9,^ (-01, e^). (2.19) 

Since P : 6^ ^ 6^, and T : 9^ ^ -9^, one has that P : ,T : M ^ -M. 

Due to the global U(l) symmetry, there is a freedom in the choice of the form of the P 
and T transformations in the sector of the variables 9a- 

If one considers only the continuous and discrete symmetries described so far, the pa- 
rameter V can take any value in the classical theory. As we shall see in Appendix A, there 
is a hidden classical symmetry restricting the allowed values of v. This symmetry, realized 
in the subspace of the variables 6'^, is the product of P or T ( ^^.19] ) with a special U(l) 
transformation. 

3 Hamiltonian description 

3.1 Equations and integrals of motion 

Let us turn to the canonical description of the model and to the construction of the general 
solution to the classical equations of motion. 

The nontrivial brackets of the system are the following: 

{x^,,Pu} = V^w, {e,Pe} = 1, {v,Pv} = 1, 

{^M' = ''■Vt^iy, {&a, 9b} = -i6ab, (3.1) 

and, hence, 

{9^,9-} = -t. (3.2) 

In correspondence with the two local symmetries of the Lagrangian, in the Hamiltonian 
formalism one has two secondary first class constraints 

(P=^{p^ + m^) ^0, (3.3) 

X = ^e^uxP^Ce + 2i/mAr ^ 0, (3.4) 
which are the generators of the transformations ( |2.14]) , ( |2.15|) and form the trivial algebra 



{0,X} = O. (3.5) 

In addition, there are two primary first class constraints Pe ~ and p^, ~ merely stating 
the fact that e and v are Lagrange multipliers. The Hamiltonian is a linear combination of 



the constraints 14 



H = e(l) + vx + uipe + U2Pv, (3.6) 
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with Ml 2 = Ui^2{t) arbitrary functions of the evolution parameter r. 
The equations of motion have the form: 

= 2ve^,xp''^\ 0^ = ±2iumv9^, (3.7) 
and e = Ml, v = U2- From ( |3.7| ), one identifies the set of integrals of motion : 

P>. = = -e^^AxV - le^uxC^\ (3.8) 

T=p^, E = ze^^A^re", AT = 9+9-, A = ie^,,p^^C^\ (3.9) 

The integrals and are the generators of the Poincare transformations, whereas the 
integrals ( p.9|) generate the global symmetries given by the transformations (|2.10|) -( ^.13|) . 
The two last integrals of motion, J\f and A, are related by the constraint (|3.4|) which is the 
generator of the local /?— transformations. This explains why the global symmetries ( p.l2|) 
and (|2.13| ) and the local symmetry (|2.15|) are related. 

Using the mass shell constraint, one may introduce the complete oriented triad e|f^ = 
e(f)(p),« = 0,1,2, 

= e(")r^.,e(^) = r^,., 6,..e(°)'^e«^e(^)^ = e'^^ . (3.10) 



Upon defining ^^"^ = .^^e^"-' and 



eW = i=(e«±.e(2)), (3.11) 



one has 

{^^^\^^-^}=^, (3.12) 

which differs in sign from the brackets (|3.2|) for the variables 9+. This difference is relevant 
for the symmetries of the model. 

The space-like components of the triad e^*-*, i = 1,2, are not Lorentz vectors (see, e.g. 
ref. |]15|), and, therefore, the quantities are not scalars. 

Taking into account the mass shell constraint, one can present the nilpotent constraint 
( p.4| ) in the equivalent form: 

X = ^(+)^(-) - iy9+9- ^ 0. (3.13) 

With the help of the triad ( ^.10 ) one finds yet another dependence among the integrals of 
motion (p.8|), (p.9|). Taking into account the completeness of the triad, one gets the equality: 



E = 3i{P^y^TA. (3.14) 
As a result, one has the following combination of the integrals of motion: 

p = u- p^9+9- - imK ■ e^,xeC^\ (3.15) 
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which is an odd function and has the weakly vanishing bracket 

3 



{p^p} 



Using (|3.14| ), on the surface of the mass shell constraint, for k = 1/6, one finds 

p = -m^(^^ ■ (e^+^e^-) - 
Thus, for K = 1/6, p is proportional to x the additional constraint 

p ^ 



(3.16) 
(3.17) 



can be imposed. 

The classical odd constraint ( |3.17D has the solution = in addition to the subspace 



singled out by the nilpotent constraint ( |3.4| ); consequently, its introduction modifies the 
physical content of the original model. At the quantum level, the analog of C,^^^ is an invertible 
operator; this implies that the quantum analog of the constraint ( 3.16|) is equivalent to the 
quantum analog of the constraint (|3.4| ). In the quantum theory, the additional constraint 



( p. 17] ) does not change the physical content of the model. Of course, one may exclude the 
point ^^^^ =0 from the phase space of the classical system requiring that 7^ 0; in this 
case, the additional constraint p ~ 0, for k = 1/6, does not change the physical content 
of the model even at the classical level. From this one learns that the physical content of 
the modified classical model — i.e. the model supplied with the constraint ( |3.15| ), ( |3.17| ) — 
is governed by the c— number parameter k and that, for the particular value k = 1/6, the 
additional odd constraint differs from the even nilpotent constraint ( |3.4|) only in the factor 
Hence, one may change Grassmann parity of the integrals of motion multiplying them 
by the odd integral These observations are helpful for unveiling the hidden continuous 
symmetries of the model. 

3.2 Solution to the equations and additional integrals of motion 



Let us go back to the discussion of our original model defined by the constraints ( p3| 
and by the Hamiltonian ( |3.6| ). 

Since ^^'^^ = const, the equations of motion for the odd variables 



(3.18) 



have the same form (up to the constant u) as the equations for the variables 6^. Namely, 

^(±)=±2im<(^). (3.19) 

From ( |3.19| ) and (|3.7|) one concludes that, if 

u = l, (3.20) 

the odd variables 9^ and ^^^^ have a harmonic-like evolution law with equal (in general 
time-dependent) angular velocities. As a result, for = 1 one has two additional mutually 
conjugate integrals of motion: 



V4 



V- = VI 



(3.21) 
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which generate the global symmetries of the model. 

Except when explicitly stated otherwise, in the following we shall fix z/ = 1. For this 
value of the parameter the model is maximally symmetric, i.e. it has the maximal number 
of integrals of motion. 

The general solution to the equations of motion is given by 

^(±)(r) = ^^^\Ti)e^'^^^'^'\ e^{T) = e^{Ti)e^'^^^'^'\ (3.22) 

x,{t) = p, . re{r')dr' + e» (a;«(r) - x«(r,)) + x,(r,), (3.23) 

4)(r) = -zm-W*)(r). (3.24) 
fi(r; Tj) is defined by the relation 

VL{T-Ti) = 2m r v{T')dT'. (3.25) 

jTi 

We assume that the constraints (|3.3| ), ( |3.4| ) are satisfied by and by the initial values of the 
variables 9^ and i.e. by 9^{Ti) and ^^^\Ti) [Q. In writing the solution to the equations 
of motion for the 'oscillating' odd variables and the pertinent boundary conditions 
have been taken into account. This point is discussed in detail in the Appendix A. 
Eq. ( p. 241 ) describes the classical analog of the quantum Zitterbewegung |]T3| . From eqs. 



( ^ ) and (|]2D one finds that 

are integrals of motion. 

The evolution of the odd vector variable is written in covariant form as ^^(t) 
G^,^iT,Ti)^''{Ti), with G^^{T,Ti) given by 



r; Ti 



G,Ar, n) = -efef + {r,,, + eJf^eW) cos ^](r; n) + e.^^e^'^^ sin fi( 
When z/ 7^ 1 one may construct the integrals of motion: 

V.+ = li^^^e- exp(2(z/ - i)n{r- n)), v.- = v:+, 

which are nonlocal (in t) functions due to the presence of the factor exp(z(z/ — 1)Q{t; Ti)). 
They become local integrals ( p.21| ) when u = 1. 

3.3 Global U(l,l) symmetry and = 3 supersymmetry 

Let us consider the following linear combinations of the nilpotent even integrals of motion 
V+, A and M: 

Ro = ~{e^^e-^ + e^e-), 

Ri = ^{i^^^e- + e-^+), R2 = ^(e^+^r - ^^-^9+). (3.26) 
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They are real quantities, R^^ = Ra, and satisfy the sm(1, 1) algebra 

{Ra, R13} = —eaf3-yR^ ■ (3.27) 

Moreover, they are in involution with the nilpotent constraint 

x = ^(+)^(~) _ e+e- ^ 0, (3.28) 

since {Ra,X} = 0. Therefore, the set of integrals of motion Ra and X form a u(l, 1) = 
su{l, 1) X u(l) algebra. The algebra of the pseudounitary group U(l,l) appears since the 
pairs of variables 6*^ and have brackets differing in sign. Due to eq. ( p.7|) , X plays the 
role of the Hamiltonian for the odd variables and 6^. 
The Casimir operator of the group SU(1,1), C = RaR", 

{C,R^} = 0, (3.29) 

takes the value 

C = -^^M^(-)9^9- ^ 0, 
and it is related to Ra through the classical equation: 

RaRfl = VafS ■ ^C. (3.30) 

The integral Rq can be written in the manifestly covariant form 
and the integrals Ri^2 can be obtained from the Lorentz vector 



which satisfies the relations R^p^ = and R^e^'^^^ = Ri. One can now construct the vector 

n, = R^^+efRo, (3.32) 

providing the covariant set of SU(1,1) generators, which, due to TZ^e^^^ = is equivalent 
to the noncovariant set ( p.26| ). 

Let us consider the following odd integrals of motion, which are the composition of the 
integrals ( ^32]) and 

= e^°)7^^. (3.33) 

Due to (|3.30|) , the odd integrals ( p.33|) together with the even integral C satisfy the covariant 
algebra of an = 3 supersymmetry: 

{e^, 04 = -f],, ■ '-C, {9^, C} = 0. (3.34) 

The relation between the even integrals, 71^, and the odd ones, 6^, is similar to the one 
existing between the constraint x ^i-nd the additional constraint p. 

In this section we have unveiled the global U(l,l) symmetry and the = 3 supersym- 
metry of the classical model. The even generator of the supersymmetry, C, differs from the 
constraint X which is, in fact, a Hamiltonian for all the Grassmann variables of the system. 
This non-standard supersymmetry is analogous to that discovered in ref. 



10 



3.4 Covariant form of the U(l,l) symmetry 

With the help of the standard prescription one finds the form of the global transforma- 
tions generated by the even, 7^^, and odd, 6^, integrals of motion: 

6^^X = uj^{X, 7^n, = e^{X, X = x^, Oa. (3.35) 

In ( p.35|) ujfj_ and are even and odd constant infinitesimal transformation parameters, 
respectively. Both transformations ( |3.35| ) mix the even coordinates with the 'internal' 
translation-invariant odd variables of the model. Since the explicit form of the transformation 
properties of the coordinates is not needed, we shall not write it here. 

A more detailed analysis of the transformations ( |3.35|) for the odd variables gives the 
possibility to ' covariant ize' the U(l,l) symmetry of the theory. For this purpose, one intro- 
duces the following linear combinations S'^, a = 1,2, i = 1,2, of the odd variables and 

S2 = ^(2) + ^2, ^l=^^'^-9i. (3.36) 

These variables are spinors (in the index a) with respect to the action of the SU(1,1) gener- 
ators Ra and form SO (2) vectors (in the index i) with respect to the action of the generator 
rY.This gives the possibility to 'covariantize' the SU(1,1) generators Ra as well as the S0(2) 
(or U(l)) generator X. In fact, let us introduce the S0(2) tensor e*-' = — e-'* and the SU(1,1) 
spinor tensor e''^ = — e^'*, as well as its inverse, iab = —ha, normalized as e^^ = e^^ = iu = 1, 
and let us define S*" = e"''S^. Lowering and rasing the 'spinor' indices is understood only for 
the variables S^, but not for and 61^2- The new variables have the following brackets: 

{E^^ Ei} = -2ie'^l (3.37) 

In terms of the U(l,l) generators are written in the 'covariant' form, 

Ra = -^e'^S-(7„),^Si (3.38) 

o 

X = -^S^'^Sj,. (3.39) 

In eqs. ( |3.38D we have introduced the 7— matrices in the Majorana representation, = 
-(c^^)a^ i7^)a^ = i{(7^)a\ (7^)a'' = -^(<T^)a^ 7a 7/3 = -Vaf3 + leafiyl"' , and we used the tilde to 
stress that they are constant in the tangent space and differ from the matrices 7^"^ = e^^^^'j^. 
The variables are indeed SU(1,1) spinors and S0(2) vectors: 

{j:i,Ra}='-{%)a'n, (3.40) 



{Sj.,^} = 6'^Si. (3.41) 



Defining the even variables 



El = ze'^j:i (3.42) 
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one readily finds that they satisfy to 



{El R^} = 'El (3.43) 

{S^,^} = e'^Hi. (3.44) 

Taking into account that 

one gets that ( |3.38| ) and ( p.39| ) can be written as: 

Ra = -leHla)a'{^"',^ih (3-45) 

A' = i{S-,Sj^}. (3.46) 
Eqs. ( p.43|) -( ^.46|) express covariantly the U(l,l) symmetry of the system. 



4 Gauging the U(l) symmetry 



The action is invariant under the global U(l) transformations ( p. 121 ) generated by the integral 
of motion J\f: 

^ e^' = e^'w^. (4.1) 

Let us assume that 7 is not a constant, i.e. 7 7^ 0. Since under (^!l| ) one has 6^Lg = d'-y/dr-Af, 
the lagrangian of the system is not invariant. In addition, if one assumes that 7 = 7(x^(r)), 
one has = (9^7 ■ x^N". Upon introducing a 'compensating' term 

LL = mx^A, (4.2) 

in the Lagrangian, with Q a coupling constant and = A^{x) a gauge field transforming 

as 

6^A^ = -Q~'d,Mx), (4.3) 

one easily verifies that 6^{L + L}^^) = 0. The term Lj^^^ does not change the reparametrization 
invariance, but it violates the /3— invariance of the action. To restore the latter invariance, 
one introduces the additional term 

Lit = I QAr^e^e.^'^^ :F,. = Q.A, - d,A„ (4.4) 
which is invariant under the U(l) gauge transformations (|4.1| ), ( [4.3|) . Since the Lagrangian 

L,„, = Ll, + Ll, = QM {x,A^^ + UUu^'") (4.5) 

satisfies the condition that S^Lint = Q^{N' 5 ^A^) , L + Lint is invariant under the local 
U(l) and (3— symmetries. 
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The boundary term Bq is invariant under the local U(l) transformations if the function 
7(x) satisfies the boundary condition 



A7 = 7(x(r/)) — 7(x(rj)) = 2™, n E Z. (4.6) 

The U(l) gauge interaction preserves the invariance of the action under the discrete P 
and T inversions if one supplements the transformation laws (|2.17|) - (|2.19|) with 



P: A^^ (-A, Ai, -A), T: A^^ (A, -A, -A2). (4.7) 

In addition to the U(l) gauge symmetry described above, one may introduce the usual 
electromagnetic interaction 



1 



LZ = q [x,A^ + -eiU^^F^'') (4-8) 

with F^i, = d^Ay — duA^. Under P and T inversions the electromagnetic potential transforms 
as 

P: A^^ (Ao, -Ai, A2), T: A^^ (-Aq, Ai, A2). 

It is the difference in the transformation law of the gauge potentials A^{x) and A^{x) under 
the discrete P and T inversions what distinguishes the two types of U(l) gauge interactions. 
At the Hamiltonian level the first class constraints (p.3|), (p.4|) are now modified as 



X = ^e^-AP^re^ - 2mAr ^ 0, (4.10) 

where 

V^=p^- QMA^-qA^. 

These constraints satisfy the same algebra of the first class constraints of the free model, i.e. 
{0,X} = O. 

To conclude the analysis of the classical theory, let us comment on a property of the 
U(l) gauge symmetry (^.1|), (^73|), ([4.6|). As it is shown in Appendix A, there is a hidden 
symmetry in the free theory (^ = A^ = 0), which is realized only in the sector of the 
variables 6a- This symmetry leads to a 'quantization' condition on the parameter u (here 
the maximal symmetry of the classical system is not required, thus v can take any value). 
Namely, v = fik, 

21 + 1 

^"'' = 2^ + 1' ^^-^^^ 
This value of the parameter defines the ratio of the phase changes of the harmonic-like 
variables 6^ and ^^^^ for the complete time interval Ar = tj — Ti (see eq. (|A.7| )). As we have 



seen in section 3, the requirement of the maximal symmetry in the system selects from the 
infinite set ( |4.11 ) only the value u = 1. As a result, according to eq. ( |3.7|) , the phases of the 



harmonic-like variables and 9"^ turn out to be locked (see eq. ( |3.22| )); in fact, the ratio 
of the phase changes for the complete time interval should be equal to 1. After switching on 
the interaction with the U(l) gauge field A^, the effect of the finite gauge transformation of 
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the variables 0^, given by eq. ( [4 .11) with the gauge function 7(x) subject to the condition 
( [4.6|) , only restores the initial freedom of the ratio of the phase changes of the harmonic-like 
variables. In fact, according to eqs. ( [A.5| ), ( |A.7| ), ( |4.1| ) and ([4.6|), for z/ = 1 one has 



(4.12) 



As a result, the ratio of the phase changes of the transformed variables 6"^' and of the 
variables given by (|4.12|) , (|A.5| ) and (|A.7|) , is described again by ([4.11|) with I = k + n. 



5 Quantization of the model 

5.1 Free theory 

Due to ( p.l|) , the quantum operators associated with the odd variables must satisfy the 
following anticommutation relations: 

Here and below we put h = 1. The operators ^'^ and 6a are realized as 

t = -^1^ ® 6a = ^l®aa, O = 1, 2. 

It is convenient to take the 7-matrices, satisfying the relation 

in the form 7° = CT3, 7* = zcr*, i = 1,2. The classical first class constraints (|3.3| ), ( p.4| ) turn 
into quantum equations singhng out the physical subspace of the system: 

0^ = 0, (5.1) 

= 0. (5.2) 

In the construction of the quantum operator corresponding to the nilpotent constraint one 
has an ordering problem. For arbitrary u, x is written as 

X = PI + ^vraM . (5.3) 
If one starts with the classical expression M = 6~^6~ , one has ||rT|: 

= ae+e~ + {a-i)e-§+, 

with a an arbitrary real parameter. For the sake of simplicity, in eq. ( p.3| ) and below the 
operator of the energy-momentum vector of the system has been denoted in the same way 
as its classical counterpart. Upon multiplying the second quantum equation (|5.2| ) with the 
operator p7 — 2vmJ\f , one gets 

(p2 + Av'^m^M'^)'^ = 0, 
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which reduces to the mass shell condition (|5.1|) (Klein-Gordon equation) iff 
Eq. ( |5.4| ) is satisfied only when 



a = -, = \. 



1 

2' 

One immediately concludes that the choice ( p.20| ) is a special one also in the quantum theory. 
The value a = 1/2 leads to the operator 

^ = llO'', n = -^GA = ^ ■ 1 ® as. (5.5) 

Eq. ( |5.2| ) takes the form 

(P7 (g) 1 + m ■ 1 O 0-3)^ = 0. (5.6) 

Therefore, the components ipu and ipd of the function \E^, \E'* = (ipujipd)^ satisfy a pair of 
(2+l)-dimensional Dirac equations: 

(p7 + m)ilJu = 0, (p7 - m)ilJd = 0. (5.7) 

In correspondence with the definition of the (2-|-l)-dimensional spin operator, 

pj 



S 



where is the quantum operator corresponding to the total angular momentum of the 
system defined in eq. (|3.8|), one has 



^ = -J-7(°)®l. (5. 



Due to eqs. (|5.7| ), the physical states ipu and ^pd carry spin +1/2 and —1/2, respectively. 

A P— and T— invariant quantum system emerges from the classical picture. In fact, start- 
ing from the classical relations (|2.17|) - (|2.19| ), one finds the corresponding quantum transfor- 
mation laws: 

P : ^(a;) ^'(x') = (7^ O ai) • ^(x), x'^ = {xq, -Xi, Xa), (5.9) 

T: ^(x)^^'(x') = (7°®t^2)-*(x), x'^ = i-Xo,x,,X2), (5.10) 

By direct inspection one easily verifies that eq. ( ^.6|) is invariant with respect to these 
transformations. 

Of course, the quantum system has also the charge conjugation symmetry 

C : ^(x) ^ ^,(x) = {a^ (g) 1) ■ ^*(x) . (5.11) 

When the quantum system is interacting with the Abelian gauge fields A^{x) and ^^(x), 
under the charge conjugation symmetry one has to require that both such fields change sign. 
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Note that the system of equations (|5.2| ) has also nontrivial solutions when z/ 7^ 1 and a 
satisfy either the condition (^vaf' = 1 or the condition {2v[ol — 1))^. In these two cases one 
has only one nontrivial state given by the function il}^ or ■1/'^, respectively. The P— and T— 
invariance of the classical action is lost.0. For v ^ \ one has an anomalous quantum scheme. 
For z/ = 1, one gets 

f = -2^^^^mMx, (5.12) 

i.e. at the quantum level, unlike in the classical theory, the mass shell operator and the 
operator x are dependent operators. 



5.2 Super-extension of the Poincare group 



The quantum counterparts of the integrals ( |3.26|) are: 

^0 = 1(7(0)^1-1^^3), 

^1 = 1(7^'^ -7^'^ ®^2), i?2 = -^(7^'^ +7^'^ ®f^2)- (5.13) 
They satisfy the commutation relations of the sm(1, 1) algebra 

\Ro,,Rl,\ = -%eo,fi^,fV. (5.14) 

In the quantum theory 

C = R^R^ = I (7(0) ® (73 - 1) 



is the Casimir operator, which can be written as 

C = l{{J^-Sr-l). (5.15) 

On the physical subspace it is reduced to C* = —3/4 (or C = —h^ -3/4 in units of h). 
Hence, the operators Ra, forming the su{l,l) algebra ( |5.14| ), act irreducibly on the physical 
subspace. The physical states ip^ and ipd are the eigenstates of the operator 

Ro = -liJ^+S) 

with the eigenvalues —1/2 and +1/2, respectively. 
Since at the quantum level one has that: 

= -^Rc, (5.16) 

the generators of the SU(1,1) symmetry, Ra, coincide up to a c— number factor with the 
quantum operators corresponding to the = 3 SUSY generators ( p. 331 ). Therefore, the 
operators Ra satisfy not only the algebra (|5.14|) , but also the s(3) superalgebra |jl6 



[Ra, RfsU = Va/3 ■ '^C, [Ra, C] = 0. (5.17) 



The discrete P— and T— symmetries were not discussed at the classical level in ref. |Tl] since it was 
assumed that the variables 9a and v were scalars. 



16 



This corresponds to the classical algebra (^4.7|) of the SUSY generators ( |4.4|) , (^4.6|) . Due to 



relation similar in form to ( ^.16| ), the quantum operator corresponding to the odd function 
p given by eq. ( |3.16| ) coincides (up to a c— number factor) with the quantum constraint x- 

Before going over to the analysis of the interacting quantum system, let us comment 
on the hidden global (super) symmetry. Upon writing down the quantum counterpart of 
the classical vector (|3.32| ) as IZ^ = c^^^Rq + i?^, one sees that this operator satisfies the 
(anti)commutation relations 

n^n, = K^^,c - '-e^,x1z\ [n^, c] = o. (s.is) 

Since 7?.^ is a Lorentz vector operator, 
and it commutes with the operator p^, 

[R-t^^Pu] = 0, 

the set of vector operators 7?.^ and supplied with the total angular momentum operator 
form a super-extension of the Poincare group, denoted as ISO(2,l|3). The vector operator 

7 = J —'R 
>-^/i ^/i '^fi 

satisfies the same su(l, 1) algebra of the operators and 7^^; namely. 

The Casimir operators of the supergroup ISO(2,l|3) are the operators p^ and S = e^^-'jT'^. It 
is natural to name the operator 

S = ^{S-J^) (5.19) 

the superspin. The operator C = TZ^TZ'^^ can be written as a quadratic function of the 
super spin, 

(7 = 3^2 - -. 

4 

Taking into account the explicit form of the operators TV and S given by eqs. (|5.5|) and 



(p.8|), one finds that the complete set of the eigenvalues of the superspin is given by the 
numbers (—1/2,0,0,-1-1/2). The physical states ipu and ipd, carrying spin -1-1/2 and —1/2, 
are simultaneously the eigenstates of the superspin operator with zero eigenvalue, i.e. the one 
particle states of the quantum P, T — invariant theory realize an irreducible representation 
of the supergroup ISO(2,l|3) labelled by the zero eigenvalue of the superspin. 

The nonstandard character of the super-extension of the Poincare group is related to the 
vector nature of the supercharge operators 7?.^, satisfying also the commutation relations of 
the SU(1,1) generators. 

In conclusion, we explicitly constructed the nontrivial 'superposition' of the discrete (P 
and T) and continuous (?7(1, 1) and 5'(3)) (super) symmetries characteristic of the P, T— 
invariant planar fermion model. The generators of the continuous (super)symmetries are 
combined with the Poincare generators resulting in the non-standard superextension of the 
Poincare group. 
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5.3 Interacting quantum theory 



In constructing the quantum operators corresponding to the first class constraints of the 
classical theory interacting with the U(l) gauge field one should recall the form ( |5.5| ) of 
the operator TV since the physical states ipu and ipa, carrying opposite spins +1/2 and —1/2, 
are distinguished by this operator; in fact, these states carry opposite U(l) charges +Q/2 
and —Q/2. Since, under P and T inversions, one has J\f —A/, the physical states ipu and 
ipd change their U(l) charges under the discrete transformations. The difference between the 
U(l) gauge interaction we are considering here and the electromagnetic one lies in the fact 
that the states ipu and ipd, having one and the same electric charge q, are not distinguished 
by the electromagnetic interaction. 

The quantum counterparts of the classical constraints ( [4.9|) and (|4.10| ) have the form 



X^ = 0, x = ^7® l + "^-l®f^3, (5.20) 
0^ = 0, 24> = V^ + m^ + le^,xl^^l-(lQJ^'"'-l^cT3 + qF''''-l®l), (5.21) 



2 ^ ' V2 

where = p^ — QJ\fAfj,{x)—qA^{x). The operators x and (f> satisfy the initial trivial algebra. 



i.e. [(f), x] = 0, and the equation ( p.l2[ ) is still valid when the fermions are interacting with 



the chiral and electromagnetic U(l) fields. 

The field Lagrangian describing the interacting theory is 

£(x) =^(a;)x*(x), (5.22) 

where \1/ = ■ 7° 1, and = —id^. The equations of motion derived from the Lagrangian 
( p.22| ) are given by eq. ( p. 201 ), whereas the eq. ( |5.21| ), quadratic in 9^, comes as a consequence 



of equation ( ^.12| ). The field Lagrangian (|5.22|) has been used in some models of high-Tc 
superconductivity 



6 Concluding remarks 

In this paper we showed how the hidden U(l,l) symmetry and the hidden = 3 supersym- 
metry of the P, T— invariant quantum fermion model described by (|1.1|) could be understood 
in terms of the 3D pseudoclassical model described by eqs. (|2.1| )-([2l5|). In particular, our 
approach clarified the nature of the pseudounitary U(l,l) symmetry appearing in the quan- 
tum model since — at the classical level — the two pairs of oscillator-like odd variables 6"^ 
and from which the generators of the U(l,l) symmetry are constructed, have Poisson 
brackets of opposite sign. Furthermore, the pseudoclassical model clearly shows that the 
generators of the SU(1,1) symmetry and the odd generators of the = 3 supersymmetry 
are intimately related; in fact, they only differ in the factor ^^^^ which is an integral of motion. 
For the quantum model, the generators of the SU(1,1) symmetry and those of the = 3 
supersymmetry coincide up to a c— number factor since they are eigenvectors of the operator 
^(0) corresponding to the same eigenvalue. 

The continuous symmetries of the pseudoclassical and P, T— invariant quantum fermion 
model are identical if one requires that the classical model has a maximal symmetry; it is 
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this requirement the one selecting the special value {u = 1) of the parameter appearing in the 
pseudoclassical model. It would be interesting to see how a special value of the parameter 
u may be selected in the path-integral approach. Unfortunately, this is a difficult task 
since the model has an even nilpotent constraint for which a gauge fixing condition cannot 
be introduced. 

Interesting features appear also when one supplement the pseudoclassical model with a 
local U(l) gauge symmetry which is the classical analog of the corresponding quantum Uc(l) 
chiral gauge symmetry. As it is shown in Appendix A, when the parameter u is not restricted 
by the condition z/ = 1, in the ungauged model there is a hidden symmetry realized in the 
sector of the 6^ variables, which is responsible for a sort of quantization condition on the 
parameter u: 

21 + 1 

This symmetry is effectively "restored" in the gauge model even when the maximal continu- 
ous symmetry of the free pseudoclassical model (z/ = 1) is required. It seems to be interesting 
to look for the quantum analog of this hidden symmetry and reveal its role in the context 
of the field model with the gauged Uc(l) chiral symmetry. 

The quantum generators of the N=3 supersymmetry together with the energy- momentum 
vector and the total angular momentum vector operators are the generators of a superexten- 
sion of the (2-1-1 )-dimensional Poincare group. The complete set of possible eigenvalues of 
the superspin operator, which is one of the Casimir operators of this supergroup, is given by 
the values (—1/2, 0, 0, -1-1/2). The physical subspace of the quantum P, T— invariant fermion 
model realizes an irreducible representation of the Poincare supergroup, labelled by the zero 
eigenvalue of the superspin. In this representation the states of the P, T— invariant system 
carry spin —1/2 and -1-1/2. 

In the analysis of the U(l,l) symmetry given in section 3, either the variables 6a or the 
variables = ^^e^^*) are not U(l,l) covariant quantities; only their specific linear combi- 
nations S^, defined in eq. ( p. 361) , are covariant under the action of U(l,l). One may then 
expect that the model ( |2.1| )-( |275| ), written in terms of the latter set of variables, is mani- 
festly U(l,l) covariant and shows explicitly the hidden N=3 supersymmetry. However, since 
{x^, S^} 7^ 0, the reformulation of the system in a manifestly U(l,l) covariant way is a 
nontrivial task within the Lagrangian formalism. 

In conclusion, the simple pseudoclassical model considered in this paper reveals a non- 
trivial 'superposition' of discrete and continuous, global and local, ordinary and graded 
symmetries, and allows for a natural way to construct a field Lagrangian with a U(l) gauge 
field coupled to the chiral current. One of our motivation to investigate the properties of this 
particular pseudoclassical model lies in the fact that the planar SPM does not naturally 
reproduce at the classical level the symmetries of the P, T— invariant 3D quantum fermion 
model of ref. [Q. Moreover, in the SPM there is no natural analog of the U(l) chiral sym- 
metry we explicitly constructed, since this symmetry acts only in the subspace of the 6^ 
variables. Due to this, a gauge generalization based on the SPM is not immediate. Thus, 
the pseudoclassical model of ref. provides the simplest classical example of a model 
exhibiting the symmetries of the P, T— invariant planar quantum free fermion model. 
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A Hidden symmetry 

There is a 'hidden' symmetry in the free model ( |2.1| ), induced by transformations in the 
subspace of the variables 9^. It is a product of one of the discrete transformations defined 
by eq. ( p. 19 ), say the P inversion, and the special U(l) transformation 



U,: ^ 9^' = e^'^^^^^e^, (A.l) 

with 7s (r) given by: 

7s(r) = -2z/l](r), fi(r) = 2m r v{T')dT'. (A.2) 



In ([A.2|) it is assumed that u ^ 0. Under the transformation UgPe, — Pe being a restriction 
of the P inversion to the sector of the variables 6'^, i.e. Pg : 6a ^ d'a = (^i, —62) — the 
Lagrangian is invariant: UgPg : L L. The boundary term B is invariant under this 
transformation UsPe iff the function 7s (r) is such that 

A7s = 7s(^/) - Isin) = -f{Tf) = 2™, n e Z, (A. 3) 

which amounts to 



il{Tf) = rm, n e Z. (A.4) 



This condition is not affected by the local transformations ( p.l4| ) and ( |2.15| ) due to the 



boundary conditions ( |2.16| ) imposed on the parameters a and (3. 



In accordance with eqs. (^.7|), ( p3.19| ), one gets 

^(±)(r^) = ^(±)(ri) ■ e±*^(^/), ^±(r/) = O^in) ■ e^"'''^^f\ (A.5) 
The boundary conditions (12^71 ) require that the quantities 

must be fixed. In terms of the above variables, one has that 

&\n) = (1 + e^^^(-/))-^ ■ ^[% e^\rj) = (1 + e^^^(-/))-' ■ ^[% (A.6) 



and similar equations for 6^ with the corresponding change of ^(t/) in z/r2(r/). When 
^1/2 7^ or (and) 9^^2 0; one (or both) of the equations 

n{Tf) =7i{2k + l), z/fi(rj) = 7r(2/ + 1), k,l e Z, (A.7) 
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hold, ( A. 6 ) cannot be staisfied since the denominators vanish. Thus, either one prohibits 
f2(rj) to obey eqs. (|A.7|) , or one requires that 



'1/2 



0, 



f(±) 

Sl/2 



0. 



(A. 



If (|A.8|) is satisfied, the conditions ( |A.7D must be also satisfied. We choose the second 
possibility, i.e. we assume antiperiodic boundary (in evolution parameter) conditions for the 
Grassmann 'oscillating' variables 6'^(r) and ^^"^^t). The conditions (|A.7| ) lead to a sort of 
quantization condition u = uik, 



2/ + 1 
2k + r 



kJeZ, 



(A.9) 



which includes the special case z/^ = 1. For the set of values of the parameter 1/ given by 
eq. (|A.9| ), the boundary conditions (|A.4|) are satisfied, and, hence, the hidden symmetry 
described above is realized. 

For z/ = 1, the model described by the Lagrangian L = L + Lint + -^i^, where L, Li^t 
and are given by eqs. ( |2.1| ), (O) and is invariant under the hidden symmetry 

UsPe, if one supplements the transformation properties of the pseudoscalar variables with 



the transformation law UgPe '■ (^^, Afi) 



for the U(l) gauge fields. 



B Standard 3D pseudoclassical model 

Here we shall show that, though the quantization of the standard pseudoclassical model for 
the massive relativistic spin particle also leads to the P, T— invariant 3D fermion quantum 
model, nevertheless, the SPM does not reproduce either the U(l,l) symmetry or the = 3 
supersymmetry at the classical level. 

The Lagrangian of the model [0 is similar in form to the one of the model we have 
considered in this paper, namely: 

L = ^{x^ - iX^f,y - - imXi^ - ^^^^^ - ^^4,. 

There is an odd Lagrange multiplier A instead of the even multiplier v, and one odd 
(pseudo) scalar variable instead of the pair of variables 6'^, a = 1, 2. The total Hamil- 
tonian of the system is given by: 

H = e(j) + iXx + upe + piTx- 

It is a linear combination of the primary constraints Pe ~ and tta ~ 0, ttx being the 
canonical momentum conjugate to A, of the constraint given by eq. ( ^.3| ) and of 

X = + f^i* ~ 0. (B.l) 
The brackets of are given by the same eq. (lOI) , whereas 
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The equations of motion for the odd variables are = Ap^ and = mX. The quantities 
i = 1,2, and are integrals of motion. The last even integral is weakly equal to zero 
if one takes into account the constraint ( |B.1| ), but it is a nontrivial operator at the quantum 
level. 

Let us briefly consider the quantum theory of this model, and then return to the classical 
model in order to construct the classical counterparts of the quantum symmetry generators. 
The quantum operators corresponding to the variables .^^ and may be realized as 

I - i , , 

^/. = ^7M®f^i. ^* = -^l®^2. (B.2) 

The internal scalar product is defined as (\I'i,\E'2) = ^i'^2, with 'I' = y^^"^^"- With this 
indefinite scalar product all the operators ( p.2|) are hermitian. The quantum counterpart of 
the constraint ( p.l|) is 

^l®(Ti(p7®l + ml®(T3)^ = 0, (B.3) 
v2 

which is equivalent to eq. (|5.6|). If one takes C = \/2'^x^ as the field Lagrangian, one finds 
that it coincides with the Lagrangian (|5.22|) (with = Afj, = 0). Hence, the quantization 



of the SPM reproduces the P, T— invariant 3D fermion system. 

The classical quantities corresponding to the generators ( p.l3| ) are given by : 

^1^(1)^(2).^ ^ 1 ^(2).^ ^ l^^m.G, (B.4) 

2^ ^ ' 2^2 2^2 ^ ' 

where G = 1- 2^(°)^,. First of all, one sees that these quantities have different Grassmann 
parity: Rq is even, whereas Ri, i = 1,2, are odd; in addition, one can check that they do 
not form an algebra with respect to the brackets. The classical counterpart of the operator 
7^°) (g)(T3 is, up to a c-number factor, the even quantity therefore, one has no possibility 

to 'change' the Grassmann parity of the integrals of motion as it was possible for the model 
( p.l| ). Due to this, in this model one cannot reproduce the = 3 supersymmetry at the 
classical level. 

One may start not from the quantum constraint given by eq. (|5.6|) and equivalent to 
equation ( p.3|) , but from the quantum constraint (|B.3|) itself, which is equal to the constraint 

( ^.6|) multiplied by l(S>cri. One can then take the corresponding operator X = •y'^^^ ^ai—il(E)<72 
as the generator of the U(l) symmetry. In this case one has the following set of generators 
of the SU(1,1) symmetry, commuting with the U(l) generator: 

rW = -l7^o)®l, r« = -l7«®a2. (B.5) 

From these one constructs the Lorentz vector = e|f^F(Q,) satisfying the equation 

_ 1 i X 

The anticommutator of these operators is a constant; the nontrivial supersymmetry of the 
generators is lost. Due to this fact, instead of ( |5.19| ), in the SPM one has <S = J'^^^ = 0, 
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jii = J^i — r^. Again, the classical analogs of the SU(1,1) generators ( [B.5| ), given by F*^") = 
—2^(1)^(2) = _y/2e*-'^(°)^*^-')^^,, do not reproduce the SU(1,1) algebra at the classical 

level. 

In the SPM there is no natural analog of the U(l) symmetry acting in the subspace 
of the variables . Furthermore, using the SPM, it is cumbersome to provide a natural 
construction of the U(l) gauge theory. Thus, the SPM does not reproduce the symmetries 
of the quantum P, T— invariant 3D fermion theory at the classical level. 
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